MCHE 474: Control Systems

Fall 2017 — Mid-Term 1
Tuesday, October 3

Name: A N Sws( KQ\«\\ CLID:

Directions: Complete the attached problems making sure to clearly indicate your answer,
show your work, and list any assumptions that you have made (with justifica-
tion for them, if necessary). If you need extra space for any question, you may
attach additional sheets of paper, which will be provided to you. No calculators
are allowed.

Academic Honesty (just a reminder):

An essential rule in every class of the University is that all work for which a
student will receive a grade or credit be entirely his or her own or be properly
documented to indicate sources. When a student does not follow this rule,
s/he is dishonest and s/he defeats the purpose of the course and undermines
the goals of the University.
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Problem 1 — 25 Points
The system in Figure 1 consists of mass, m, connected to ground ' /
through a spring of spring constant k£ and a damper of damping
coefficient c¢. Until time ¢ = 0, the mass is held so that gravitational
forces have no net effect on the system. At time ¢ = 0 the mass is K tjc
released, so that gravitational forces do affect the system.

@

a. Write the equations of motion for this system.

b. What is the natural frequency?
c¢. What is the damping ratio? m |

If you were unable to solve parts a. to c. of this problem, assume
the equations of motion have the form Z + 2w, & + w2z = u in the
next two parts of this question. If you were able to solve parts a.
to c. of this problem, use your answer from there.

Figure 1: A Mass-
Spring-Damper
System

d. What is the transfer function relating the position of the mass to the gravitational
force?

e. What is the time response, (), of this system? (Hint: Consider the release of the
mass at t = 0 to be a step change in gravitational force.)

f. What is the steady-state position of the mass?
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Problem 1 (cont.)
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Problem 2 — 25 Points
The system in Figure 2 connected to ground through a spring of spring constant k. It
is also connected to input x,; via a damper of damping coefficient ¢. At time ¢t = 0, a
unit-displacement step input is applied to zg.
a. Write the equations of motion for this system.

b. Write the transfer function from the input x4 to the position of the mass z. If you were
unable to find the equation of motion in part a., assume it is & + w2z = 2w, (4 — ).

c. What is the steady-state value of z(t)?
d. What is the steady-state value of the tracking error, z4(t) — x(t)?
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Figure 2: A Mass-spring System with Damper to Input
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Problem 2 (cont.)
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Problem 3 — 50 Points
The block diagram in Figure 3 represents a position control system where:

1
Gp(s) = m

and K is a constant.

a. What is the open-loop transfer function this system?

=

What is the time response, y(t), of the open-loop system to an impulse input (i.e.
r(t) = 6(t))?

What is the closed-loop transfer function this system?

/o0

What is the natural frequency of the closed-loop system?

®

What is the damping ratio of the closed-loop system?

-

For a fixed natural frequency, what affects would increasing the damping have on the
system response? If possible, provide support for your analysis.

g. For a ramp input, r(t) = At,Vt > 0:

i. Defining tracking error as r(t) — y(t), what is the steady-state error of the open-
loop system to this input?

ii. What is the steady-state error for the closed-loop system to this input?

iii. For the closed-loop system, how should K be chosen to limit this error?

R(s) TE(s)l L IU(s) | A Ig(_)}

Figure 3: Block Diagram of a Position Control System
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Problem 3 (cont.)
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Problem 3 (cont.)
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Problem 3 (cont.)
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Possibly Useful Equations

f=ma

Ia = Z M,
sin(a £ b) = sin(a) cos(b) £ cos(a) sin(b)
cos(a £ b) = cos(a) cos(b) F sin(a) sin(b)
et = cos(wt) & i sin(wt)
z(t) = ae™' + be !
x(t) = acosw,t + bsinw,t
z(t) = e " [ cos(wat) + bsin(wgt)]

. —b+Vb? —4dac

2a

/udvzuv—/vdu

SocV =V

x = Ax+ Bu
y =Cx+ Du

x = ®(1)x(0) + /0 ®(t — 7)Bu(r)dr

X(s) = [sI — A]""x(0) + [sI — A] ' BU(s)
ST = §Ls¢
4
" (wn
__ 2.16¢ + 0.60

Wn

T

T, 03<¢<08

T — T
p_wm/l—CQ

Mp, =1+ e <m/VI=¢

%Overshoot = 100e¢™/V1-¢*
V(w,¢) = e /[C(w, Q) + [S(w, Q)2

Table 1: Laplace Transform Pairs

f(t) F(s)
f(t)=A, Vvt >0 4
ft) = At, vt >0 4

o(t) 1

o—at S%a

sin wt e

cos wt S +Sw2

e sin wt o) T
e~ cos wt (SJFZ)%

2
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